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Abstract
We give a characterization of the representations on train algebras of rank 3. We prove that
the subalgebra of the algebra of endomorphisms of a module generated by the representation
of the nil ideal of the algebra is nilpotent. Finally we prove that every irreducible module has
dimension one over the field under consideration.
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1. Introduction
In the following, let F be an infinite field of characteristic not 2. A train algebra
of rank 3 is a commutative not necessarily associative algebra over F , equipped with
a nonzero algebra homomorphism w : A → F and satisfying the equation
x3 − (1 + γ )w(x)x2 + γw(x)2x = 0, (1)
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where 3 is the minimum positive integer for which the identity is valid and γ is
some fixed element in F . By Etherington [3] we know that the condition γ /= 1/2
is necessary for the existence of at least one idempotent of weight one in A. For
example, let A be a commutative real algebra of basis {c, y, z} with multiplica-
tion table given by c2 = c + y, cy = yc = 12c, cz = zc = 12z and all other products
being zero. Let Ker(w) = 〈y, z〉 and w(c) = 1. Then, A satisfies the identity
x3 − 32w(x)x2 + 12w(x)2x = 0, A has not degree 2, γ = 12 and A has no idempotent
element.
In the following we assume that γ /= 1/2. Let A = Fe ⊕ A1/2 ⊕ Aγ be the Peirce
decomposition of A relative to one idempotent e, where N = Ker(w) = A1/2 ⊕ Aγ
is the nil ideal of A and Aλ = {x ∈ N/ex = λx} λ = 1/2, γ are the proper subspaces
corresponding to the proper values 12 and γ of the linear operator Le : N → N
defined by Le(x) = ex. Moreover, the following relations are valid in these algebras,
see [2]:
A21/2 ⊆ Aγ , A1/2Aγ ⊆ A1/2, A2γ = 0. (2)
Moreover, Aγ /= 0 otherwise, A satisfies the identity x2 − w(x)x = 0 and A will be
not a train algebra of rank 3.
Train algebras were introduced by Etherington [3], as an algebraic framework for
treating genetics problems. Train algebras of rank 3 have been study from different
points of view. Costa [1] classifies those which have an anisotropic kernel, Costa and
Suazo [2] deal with the multiplication algebra of these algebras and Labra and Reyes
[5] prove that every train algebra of rank 3 over a field of characteristic /= 2, 3, 5
that satisfies a polynomial identity of degree four is a Jordan algebra or it satisfies
the identity (xy)2 − x2y2 = 0. In this paper we study the representations and the
irreducible modules on train algebras of rank 3.
Let M be a vector space over F . Following Eilenberg [4] a linear map µ : A →
End(M); a → µ(a) = µa , is said to be a a representation of A if the split null exten-
sion A = A⊕M of M with multiplication given by (a +m)(b + n) =
ab + µa(n)+ µb(m), ∀a, b ∈ A, m, n ∈ M and with homomorphism w defined by
w(a +m) = w(a), ∀a ∈ A, m ∈ M is a train algebra of rank 3, see also [6].
Our main result is:
Theorem 1. If A is a train algebra of rank 3 over a field F, char(F ) /= 2 and
µ : A → End(M) a representation of A, then the subalgebra of End(M) generated
by µ(N) is nilpotent.
As a consequence we obtain:
Theorem 2. If A is a train algebra of rank 3 over a field F, char(F ) /= 2 then every
finite-dimensional irreducible A-module M has dimension one over F .
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2. Representations
Throughout this section we will work on representations on train algebras of rank
3 over a field F , char(F ) /= 2.
Lemma 1. Let A be a train algebra of rank 3. Then, a linear map µ : A → End(M)
is a representation of A if and only if for every a ∈ A we have
2µ(a)2 + µ(a2)− 2(1 + γ )w(a)µ(a)+ γw(a2)IM = 0. (3)
Proof. We now simply compute the third power of the general element a +m.
(a +m)2 = a2 + 2µa(m), (a +m)3 = a3 + 2µ2a(m)+ µa2(m), ∀a ∈ A, ∀m ∈ M
and (1 + γ )w(a +m)(a +m)2 = (1 + γ )w(a)(a2 + 2µa(m)) and γw(a +m)2
(a +m) = γw(a)2(a +m). 
We will say that the representation µ is n-dimensional if M is an n-dimensional
space over F and then µ(a) can be thought of an n× n matrix.
Example. Let A be a commutative real algebra of basis {e, u, u2, v} with multipli-
cation table given by e2 = e, eu = ue = 12u, eu2 = u2e = 14u2, ev = ve = 14v all
other products being zero. A satisfies the identity x3 − 54w(x)x2 + 14w(x)2x = 0
and A is a train algebra of rank 3, with γ = 14 .
Now for a = ζe + ηu+ δu2 + θv, define the mapping µ : A → End(M) by
µ(a) =
( 1
2ζ 0
θ 12ζ
)
.
Then, the transformation µ(a) is a 2-dimensional representation on A. Because
a2 = ζ 2e + ζηu+ (η2 + 12ζ δ)u2 + 12ζθv, we have
2µ(a)2 + µ(a2)− 5
2
w(a)µ(a)+ 1
4
w(a)2IM
=
( 1
2ζ
2 0
2ζθ 12ζ
2
)
+
(
1
2ζ
2 0
1
2ζθ
1
2ζ
2
)
− 5
2
( 1
2ζ
2 0
ζθ 12ζ
2
)
+
( 1
4ζ
2 0
0 14ζ
2
)
and we see that this expression is 0 and so µ is a representation of A.
Since A = A⊕M is a train algebra of rank 3 we have that A = Fe ⊕ A1/2 ⊕ Aγ .
Moreover, M ⊆ Ker(w) implies that M ∩ A1/2 = M1/2,M ∩ Aγ = Mγ and M =
M1/2 ⊕Mγ , where Mλ = {m ∈ M/µe(m) = λm}, with λ ∈ {1/2, γ }. Moreover,
since A = A⊕M is a train algebra of rank 3, we may deduce from relation (2)
the following relations:
Proposition 1. e ·M1/2 = M1/2, A1/2 ·M1/2 ⊆ Mγ , A1/2 ·Mγ ⊆ M1/2, Aγ ·
M1/2 ⊆ M1/2, AγMγ = 0 and e ·Mγ =
{
Mγ if γ /= 0,
0 if γ = 0.
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Proposition 2. Let µ be a representation on a train algebra A of rank 3. Then,
(i) µ(e) = 12IM or µ(e) = γ IM ;(ii) for every x, y ∈ Ker(µ) we have µ(ex) = (1 + γ )w(x)µ(e)− γw(ex)IM,
µ(xy) = −γw(xy)IM.
Proof. Relation (3) implies that
2µ(e)2 − (1 + 2γ )µ(e)+ γ IM = 0. (4)
So that µ(e) has eigenvalues 12 and γ and Proposition 2 (part i) follows.
Linearizing relation (3) and cancelling out by the factor 2 we have
µ(a)µ(b)+ µ(b)µ(a)+ µ(ab)=(1 + γ )w(a)µ(b)+ (1 + γ )w(b)µ(a)
− γw(ab)IM (5)
for all a, b ∈ A.
Replacing a by e, and b by x ∈ Ker(µ) in relation (5) we have µ(ex) = (1 +
γ )w(x)µ(e)− γw(ex)IM . Replacing a by x ∈ Ker(µ), and b by y ∈ Ker(µ) in rela-
tion (5) we have µ(xy) = −γw(xy)IM . 
An A-module M /= 0 is irreducible or a representation µ : A → End(M) is said
to be irreducible if there is not proper subspaces of M which are invariant under all
the transformations µ(a), a ∈ A.
Proposition 3. Let µ be a representation on a train algebra A of rank 3 and µ(N) =
0. Then for every a, b ∈ A,µ(a)µ(b) = µ(b)µ(a) and every finite-dimensional irre-
ducible A-module M has dimension one over F .
Proof. Let a = αe + x, b = βe + y be elements in A. Then ab = αβe + αey +
βex + xy andµ(a) = αµ(e), µ(b) = βµ(e), µ(ab) = αβµ(e). Therefore, for every
a, b ∈ A,µ(a)µ(b) = µ(b)µ(a). Moreover, let M be an irreducible module. M /=
0 implies that M 1
2
/= 0 or Mγ /= 0. Suppose m ∈ M 1
2
, m /= 0 then for every x ∈
N,µ(e + x)(m) = µ(e)(m) = 12m, so that [m] = the subspace generated by m is
invariant by µ and M = [m]. Similarly we have the same result if Mγ /= 0. 
In the following assume that µ(N) /= 0, where N = Ker(w).
Lemma 2. Let µ be a representation on a train algebra A of rank 3. Then for every
a, b ∈ N
µ(a)µ(b)+ µ(b)µ(a)+ µ(ab) = 0 (6)
and
µ(a)3 = 0. (7)
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Proof. Relation (5) implies relation (6). Now we will prove relation (7). Taking
a ∈ N in relation (3) we have that
2µ(a)2 + µ(a2) = 0. (8)
Multiplying relation (8) on the left and of the right by µ(a) we obtain that
2µ(a)3 + µ(a)µ(a2) = 0, 2µ(a)3 + µ(a2)µ(a) = 0. (9)
Replacing b by a2 in relation (6) and using that a3 = 0 for each a ∈ N we obtain
that
µ(a)µ(a2)+ µ(a2)µ(a) = 0.
On the other hand relation (9) implies that
µ(a)µ(a2)− µ(a2)µ(a) = 0.
Therefore, µ(a)µ(a2) = µ(a2)µ(a) = 0 and using relation (9) we obtain that
µ(a)3 = 0 and relation (7) it follows. This proves Lemma 2. 
We introduce some notations to improve the reading of the paper. S µ µ(N)
denotes the subspaces of µ(N) satisfying the condition: µ(a), µ(b) ∈ S implies that
µ(ab) ∈ S and 〈S〉 denote the subalgebra of End(M) generated by S. We observe
that {0} µ µ(N). In fact, 0 = µ(0) and if a, b are elements in N , then relation (6)
and µ(a) = 0 = µ(b) imply that µ(ab) = 0.
Consider the set  = {S µ µ(N)/〈S〉 is nilpotent}. Then, by the above para-
graph, 0 is an element in . Moreover, since µ(N) /= 0, let a be an element in N and
µ(a) /= 0, then the subalgebra of End(M) generated by µ(a) = 〈µ(a)〉 is nilpotent.
In fact we have that 〈µ(a)〉 = {αµ(a)+ βµ(a)2/α, β ∈ F } and the products of three
elements of 〈µ(a)〉 is zero. Thus, 〈µ(a)〉 is nilpotent.
The following result involves properties of the set  which are necessary in the
proof of Theorem 1.
Lemma 3. Let A be a train algebra of rank 3 and µ : A → End(M) a representa-
tion of A. If S is an element in  such that 〈S〉 /= 〈µ(N)〉 then there exists a ∈ N
such that µ(a) ∈ µ(N)− 〈S〉 and µ(ax) ∈ 〈S〉 ∀µ(x) ∈ S.
Proof. Let S be an element of  such that 〈S〉 /= 〈µ(N)〉. It is clear that there
exists a1 ∈ N such that µ(a1) /∈ 〈S〉. If µ(a1x) ∈ 〈S〉 ∀µ(x) ∈ S, then Lemma 3 is
proved. Otherwise suppose that there exists x1 ∈ N such that µ(x1) ∈ S and µ(a1x1)
is not an element of 〈S〉. If we define a2 = a1x1 then µ(a2) = µ(a1x1) ∈ µ(N)−
〈S〉. If µ(a2x) ∈ 〈S〉 ∀µ(x) ∈ S, then Lemma 3 is proved. Otherwise, we conti-
nued this process defining ak = ak−1xk−1 with µ(ak) = µ(ak−1xk−1) ∈ µ(N)−
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〈S〉. This process is finite. In fact, relation (6) implies that µ(a2) = µ(a1x1) =
−µ(a1)µ(x1) − µ(x1)µ(a1);µ(a3) = µ(a2x2) = −µ(a2)µ(x2) − µ(x2)µ(a2) =
(µ(a1)µ(x1)+ µ(x1)µ(a1))µ(x2)+ µ(x2)(µ(a1)µ(x1)+ µ(x1)µ(a1)). We note
that in this form using successively relation (6) we have that µ(ak) = sum of monom-
ios of k − 1 elements of S and µ(a1). Since 〈S〉 is nilpotent, there exists a
natural number r such that µ(xi1), . . . , µ(xir ) = 0. Thus, µ(a2r+1) = 0. A contra-
diction. Therefore, there exists a ∈ N such that µ(a) ∈ µ(N)− 〈S〉 and µ(ax) ∈
〈S〉 ∀µ(x) ∈ S. This proves Lemma 3. 
Theorem 1. If A is a train algebra of rank 3 over a field F, char(F ) /= 2,M a
finite-dimensional A-module, and µ : A → End(M) a representation of A, then the
subalgebra of End(M) generated by µ(N) is nilpotent.
Proof. The proof is by induction on the dimension of M . If dim(M) = 1, then
M = [m], the subspace generated by m and µn(m) = λm. Thus, µ3n(m) = λ3m.
Relation (7) implies that λ3m = 0. So λ = 0 and µn(m) = 0 ∀n ∈ N . Therefore,
µ(N) = 0. Assume Theorem 1 is true for A-modules of dimension < n and let M
be an A-module of dimension n. Let S be an element of  of maximal dimen-
sion. If 〈S〉 = 〈µ(N)〉 then 〈µ(N)〉 is nilpotent. Suppose that 〈S〉 /= 〈µ(N)〉. Let
M ′ be the subspace of M generated by the elements sm where s ∈ 〈S〉 and m ∈ M .
Then, M ′ /= 0 and M ′ /= M . In fact, if M ′ = M , then for each m ∈ M , m /= 0 there
are elements s ∈ 〈S〉, mi ∈ M such that m =∑ti=1 simi . But each mi ∈ M is a
sum of elements of the form sjmj that is m =∑i ∑j sisjmij . Therefore, m =∑
si1, . . . , sirmi1,i2,...,ir . Since 〈S〉 is nilpotent, we have that m = 0. Therefore,
dimF (M/M ′) < n. Let T = {µ(n) ∈ µ(N)/µ(n)(M ′) ⊆ M ′}. Then, T µ µ(N).
Moreover, µ(n)|T is an element of End(M/M ′) and dim(M/M ′) < n. Thus, by
inductive hypothesis we have that 〈T 〉 is nilpotent and T ∈ . On the other hand, S ⊂
T and S /= T . Lemma 3 implies that there exists a ∈ N such that µ(a) ∈ µ(N)− 〈S〉
and µ(ax) ∈ 〈S〉 ∀µ(x) ∈ S. We claim that µ(a) ∈ T . Relation (6) implies that
µ(a)(µ(x)(m)) is an element in M ′ ∀µ(x) ∈ S, m ∈ M . Therefore ∀s ∈ 〈S〉, m ∈
M , we have that µ(a)(sm) ∈ M ′, µ(a)M ′ ⊆ M ′ and µ(a) ∈ T . A contradiction to
the choice of S. This proves Theorem 1. 
Theorem 2. If A is a train algebra of rank 3 over a field F, char(F ) /= 2 then every
finite-dimensional irreducible A-module M has dimension one over F.
Proof. Theorem 1 implies that 〈µ(N)〉 is nilpotent. Let n be a positive integer such
that 〈µ(N)〉nM = 0 and 〈µ(N)〉n−1M /= 0. Let 0 /= m be an element of 〈µ(N)〉n−1
M . Then ∀a ∈ N we have that µ(a)m = 0. Let M1 = {m ∈ M/µ(N)m = 0}. M1
is an A-submodule of M,M1 /= 0, since 〈µ(N)〉n−1M ⊆ M1. M irreducible implies
that M1 = M , and µ(a)m = 0 ∀a ∈ N , m ∈ M . Take m /= 0, m ∈ M , then [m] = the
subspace generated by m is invariant by µ, M = [m] and we have proved Theorem
2. 
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